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The Malthusian model
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Malthus
In his book "Essay on the Principle of Population" published in 1798, Malthus, an Anglican clergyman, says the population increases exponentially while resources grow only linearly, that is to say much more slowly , which suggests a catastrophic future. It promotes ways to prevent the population to grow, including the cessation of assistance to the poor because they are too many mouths to feed. His thesis has been very successful and remains influential today, we speak of Malthusian policies.
Model
Function P(t)

For Malthus, the only factor determining the variation in the population is the population itself. According to the general equation 
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, (cf Mathematical treatment) the population equation is then:
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where 
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 is the function representing the population, 
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 the variation in this population and k is the rate of natural increase.
Solving this equation the desired function, 
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The natural rate of increase
If we know the population 
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Limites the Malthusian model
· As a factor in population growth, Malthus retains only the population itself. He neglects other factors:

· - The resources of the territory that Malthus assumes unlimited;

· - Possible variations in birth rates and mortality;

· - The presence of other species;

· …..
Interactive explorations
We can study the validity of theories of Malthus by checking if the population growth has been exponential in the past.

For this we can take two dates where the population was known to deduce the rate of natural increase k and check if the function obtained overlaps well the observed growth. See file “Planet and population”.
This can be done globally, by continents or selected periods.

You can use the resulting tables on http://www.statistiques-mondiales.com/croissance_population.htm and use the Maple or Excel model files provided. 

Tracks
Two main avenues can be followed to understand the inadequacy of the theory of Malthus.

- Limited resources;
- Malthus does not take into account the limited resources. Several tracks can be tested;

- The effects of overpopulation on the birth rate and mortality;

- Innovation, research new resources;

- Wars; epidemics, …
Variation in the rate of natural increase

Malthus believes that the natural growth rate is constant. Several tracks can be tested:

- Factors affecting mortality: poverty, hygiene, health, access to water ...

- Factors affecting rate birth: religion, culture, status of women, women's access to education, poverty, ...

Malthusian disaster

Malthusian disaster, exponential increases in population have been observed and studied in animal populations. Thus, in 1944, 29 reindeer were introduced to the island of St Matthew in the Bering Sea. In the absence of predators, and in the presence of abundant food resources, the population exploded, reaching 6000 people in the summer of 1963, a growth of 30% per year. Six months later, the entire population, except 42 females, had died of hunger, and vegetation severely and permanently impaired.
http://fr.wikipedia.org/wiki/Catastrophe_malthusienne
The logistic model
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Verhulst

Verhulst, a Belgian mathematician of the early nineteenth century, believed that population could grow indefinitely. Beyond a certain threshold, overpopulation leads famines and epidemics that are decreasing the population. There is a maximum K number of individuals that can host territory. Verhulst introduced this concept of maximum population in the equation of population growth.
Model
From the general equation 
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, Verhulst replied the  Malthus equation, 
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, but multiplied by the term 
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Thus, when the population P (t) reaches the maximum capacity of the territory K factor vanishes and growth P '(t) vanishes as well.

The equation can also be written in the form below, which allows a simple treatment with Excel
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The desired function, 
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where 
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 is the initial population.
Limitations of the model
If the Verhulst model now takes into account the resources of the territory, however, it neglects other factors:

- Possible variations in birth rates and mortality;

- The presence of other species;

- The maximum K population is difficult to determine.

- War, nor epidemics, nor changes of all kinds ...
Explorations interactives

Verhulst model corresponded to the evolution of the Belgian population in 1815, 1830 and 1845. On this basis Verhulst estimated that the maximum population of Belgium was 6.6 million. In 2006 the Belgian population was 10.5 million ...

Interactive simulations to assess what could be, under current conditions, the maximum population. Must determine the parameters for the function to "stick" to close the observed values.
Tracks
Verhulst model also raises several questions.

Variation in the rate of natural increase
Like Malthus, Verhulst believes that the natural growth rate is constant. Several tracks can be tested:

· - Factors affecting mortality rate: poverty, hygiene, health, access to water ...

· - Factors affecting birth rate: religion, culture, status of women, women's access to education, poverty, pro-natalist policy or not ...
Other species
Verhulst model does not take into account the presence of other species in the same territory and interactions that it raises. This is the subject of the following models.
The predator-prey model
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Volterra

The Italian mathematician Vito Volterra, studied in the early twentieth century the evolution of two species in the same ecosystem, ie sharks and sardines in the Adriatic Sea, north of Italy, the sharks feeding on sardines.
Model
Volterra began with the general equation 
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 and established the key factors causing variation in populations where the two species coexist only one, sharks, for example, being predatory the other, sardines.
Sardines
Volterra identified two factors determining the evolution of sardines population :
- The population itself of sardines, in the absence of sharks with the positive factor 
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- The presence of sharks with the negative factor 
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 representing the probability of encounter between sardines and sharks, b corresponding to the "greed" of sharks.

The equation for the evolution of the population of sardines in presence of sharks becomes:
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Sharks
For sharks, Volterra also identified two factors that determine their evolution :
- In the absence of sardines, sharks population decrease proportionally to itself as the negative factor 
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- The presence of sardines with the positive factor 
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 representing the probability of encounter between sardines and sharks, corresponding to the contribution from sardines to sharks

The equation for the evolution of the population of sharks in presence of sardines is:
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The evolution of populations of sardines and sharks, only in an ecosystem is governed by the equations of Lotka-Volterra:
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Limitations of the model
The model Volterra-Lockta is simplified:

- Possible variations in birth rates and mortality;

- It is a rare ecosystem contains only two populations;

- The model does not take into account resource limitations;
- There is no migration.
-Interactive explorations
Lokta-Volterra model can be simulated by factors a and c of natural variation and  b and d on the presence of two species. The model can also be simulated by the initial populations.
Tracks
Lokte Volterra model raises several questions.
Variation in the rate of natural increase
· As Malthus and Verhulst, Volterra believes that the natural growth rate is constant. Several tracks can be tested:

· - Factors affecting mortality: epidemic, hunting (or fishing), ...

· - Factors affecting birth: destruction of breeding, climate change, ...
Other species
Model Lockta-Volterra ignores the presence of other species in the same territory and interactions that it raises.
The balance
A balance between population and predator prey is it possible? Under what conditions?
http://fr.wikipedia.org/wiki/Equations_de_Lotka-Volterra
The competition model
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Model
The principle is to start from the general equation 
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 and determine the main factors causing the variation of both populations compete for the same resource.

Consider the case of two populations of herbivores, bears and deers. 
Deers
As in the Volterra model, we identify two factors determining the evolution of deers presence of bears:

- The population of deers itself, in the absence of bears, with positive factor 
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· - The presence of bears with the negative factor 
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 Representative "weight" of the two populations on the same resource. 

The equation for the evolution of the population of deers is:
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Bears
We find the same factors determining their evolution in the presence of deer:

- The bear population in the absence of deer with a positive factor 
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· - The weight of the two populations for the same resource is reflected by the negative factor -
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The equation for the evolution of the population of sharks is
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The evolution of populations of deers and bears, alone in an ecosystem, is governed by the following equations:
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Lokte Volterra equations 
An adaptation of the system can translate Lockte Volterra in different types of coexistence of two populations in the same area. 
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Neutralism 


[image: image47.wmf](

)

(

)

t

aS

t

S

=

¢



[image: image48.wmf](

)

(

)

t

cR

t

R

=

¢


Cooperation
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Parasitism
The parasite damages the host, but does not kill
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Commensalism
Uses its host without damaging
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Mathématiques pour la modélisation

Dynamique des populations
B. Andreianov, C. Caldini, C. Donadello, P. Klein

Université de Franche-Comté
Limitations of the model
· The competition model is simplified:

· - Possible variations in birth and mortality rates;

· - It is rare that an ecosystem contains only two species;

· - The model does not take into account resource limitations.

· - .....
Tracks
Species introductions have an impact on existing populations both in terms of competition or predator-prey as appropriate. There are well-known examples like wolves in Yellowstone Park in the USA or deer on Anticosti Island in Quebec.
http://www.dinosoria.com/loup-yellowstone.html
http://www.pseudo-sciences.org/spip.php?article587
[image: image55.png]



Several populations
Previous models apply only one or two people. When there are more, just apply the principle 
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.
Systems of equations, one for each species according to their interactions with others, can be based on the system of Volterra Lokte. These equations can be represented and made interactive with software such as Excel or Maple.
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