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Mathematical treatment
Modelling populations variations
Mathematics and populations variations
Mathematically, a population at time t is represented by a function 
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 which is to determinate. To achieve the simplest is to establish the factors that cause variations.
Mathematically the variation of a population is represented by the concept of "derivative" the function 
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At first we establish the factors that influence population and we obtain an equation of the type:
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In a second step the mathematical operation of integration provides the desired function 
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 solving the equation. 

The equation or modeling
For the study of populations, we must enumerate the factors that cause variations.

A basic factor is the population itself: the more people, the greater will be the variation. This will result in the function below:
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where k is the natural rate of increase. k usually equals birth rate minus the death rate.

A large number of factors is involved in the growth of a population, a model can not include them all, only give an approximation of reality. Its accuracy depends on factors that are identified and those who have been neglected.
Solving the equation
Variation 
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 is the quotient of the change in the population by varying the time, which can be written 
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 tends to 0. The equation becomes 
[image: image10.wmf](

)

t

kP

t

P

=

D

D

 then 
[image: image11.wmf](

)

t

t

kP

P

D

=

D

.
When we move from time t0 to t1 the equation becomes:
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Then :
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Thus, knowing the population at time t0 we can determine the time after t1 and so on to the next.

This calculation is easily done with a program like Excel.
Symbolic computation software such as Maple or Mathematica can solve directly the equation itself.
The natural rate of increase 
The rate of natural increase, key concept in population dynamics, is mainly composed of the birth rate minus the death rate. It is understandable when you know that the rate of natural increase may be low if birth rate and mortality rate are both high or are both low. This is not the same thing. 
For example, it is not trivial to know that in some poor countries means a low birth rate and high mortality. 25,000 people died from hunger and poverty day in the world!
http://www.fao.org/french/newsroom/news/2002/9703-fr.html
et 
http://www.ined.fr/fr/pop_chiffres/pays_du_monde/
Technical resources
Excel

1 Exponential function (Malthus)
Malthusian growth is exponential and is reflected by the function 
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 where k is the rate of natural increase. When we know the population at two different times, this rate is given by 
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Function 
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 is inserted as follows:

	
	
	K
	L
	M
	N

	3
	
	T0
	deltat
	P0
	k

	4
	
	0
	1
	100
	0,1

	5
	
	
	
	
	

	6
	
	
	
	
	

	7
	
	
	
	
	

	8
	
	
	
	
	

	9
	
	t
	P(t)
	
	

	10
	
	K4
	=M$4*EXP(N$4*K10)
	
	

	11
	
	=K10+L$4
	=M$4*EXP(N$4*K11)
	
	


2 Logistic function (Verhulst)
Verhulst introduced factor 
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 which cancels growth when the population reaches the value K. K represents the maximum population that can accommodate territory. The population change is then reflected by:
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 where a is the natural growth rate and K the maximum population that can accommodate territory.
This equation can be written in the form of intervals, more computational:
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Calculations may have the form of the following table to Excel

	
	
	N
	O
	P
	Q
	R

	
	
	
	
	
	
	

	7
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	a
	K
	P(0)
	

	8
	
	1
	0,1
	2000
	100
	

	9
	
	
	
	
	
	

	10
	
	
	
	
	
	

	11
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	P
	P’
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	P

	12
	
	=$N$8
	=Q8
	=O8*O12*(1-O12/P8)
	P12*N8
	=O12+Q12

	13
	
	=$N$8
	=R12
	=$O$8*O13*(1-O13/$P$8)
	=P13*N13
	=O14+Q14


3 Model predator-prey (Lockta-Volterra)
Lokcta-Volterra system :
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In intervals of time, more computational:
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Calculations may have the form of the table below with Excel:
	
	D
	E
	F
	G
	H
	I
	J
	K
	L
	M

	7
	A
	B
	C
	D
	S0
	R0
	
	dt
	
	

	8
	0,1
	0,00005
	0,04
	0,00004
	4000
	1000
	
	1
	
	

	9
	
	
	
	
	
	
	
	
	
	

	10
	
	
	
	
	
	
	
	
	
	

	11
	T
	Dt
	S
	R
	S’
	R’
	dS
	dR
	S
	R

	12
	0
	K$8
	H8
	I8
	D8*H8-E8*H8*I8
	-F8*I8
+G8*H8*I8
	H12*K8
	I12*K8
	F12+J12
	G12+K12

	13
	D13
	K$8
	L12
	M12
	D$8*F13-E$8*F13*G13
	-F$8*G13
+G$8*F13*G13
	H13*E13
	I13*E13
	F13+J13
	G13+K13


Several species
Previous models apply only one or two species. When there are more, just apply each the principle 
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These equations can be represented with a program like Excel.
In Excel, for a species Q, add columns for Q, Q '. dQ and Q
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